Introduction
Let Ê n n ≥ 2 be the n-dimensional Euclidean space and Ë n−1 be the unit sphere in Ê n equipped with the normalized Lebesgue measure dσ dσ · . For x ∈ Ê n \ {0}, let x x/|x|. Before stating our theorems, we first introduce some definitions about the variable kernel Ω x, z . A function Ω x, z defined on Ê n × Ê n is said to be in L 
On the other hand, as a related vector-valued singular integral with variable kernel, the Marcinkiewicz singular with rough variable kernel associated with surfaces of the form {x Φ |y| y } is considered. It is defined by
where
If Φ |y| |y|, we put μ Φ Ω μ Ω . Historically, the higher dimension Marcinkiewicz integral operator μ Ω with convolution kernel, that is Ω x, z Ω z , was first defined and studied by Stein 3 in 1958 . See also 4-6 for some further works on μ Ω with convolution kernel. Recently, Xue and Yabuta 7 studied the L 2 boundedness of the operator μ Φ Ω with variable kernel. 
and monotonic (or negative and monotonic) C 1 function on 0, ∞ and let it satisfy the following conditions:
Since the condition 2 implies 2 , so the L
Our aim of this paper is to study the hypersingular Marcinkiewicz integral μ , α ≥ 0. 1.5
Our main results are as follows. 
Furthermore, our result can be extended to the Littlewood-Paley type operators μ for f ∈ S Ê n , respectively by
with λ > 1, where Γ x { y, t ∈ Ê n 1 : |x − y| < t}. As an application of Theorem 1.2, we have the following conclusion. Throughout this paper, the letter C always remains to denote a positive constant not necessarily the same at each occurrence.
The Bounedness on Sobolev Spaces
Before giving the definition of the Sobolev space, let us first recall the Triebel-Lizorkin space.
Fix a radial function ϕ x ∈ C ∞ satisfying supp ϕ ⊆ {x : 1/2 < |x| ≤ 2} and 0 ≤ ϕ x ≤ 1, and ϕ x > c > 0 if 3/5 ≤ |x| ≤ 5/3. Let ϕ j x ϕ 2 j x . Define the function ψ j x by
For 0 < p, q < ∞, and α ∈ Ê, the homogeneous Triebel-Lizorkin spaceḞ
and if α is a nonnegative integer, then for any
2.3
Journal of Inequalities and Applications Next, let us give the main lemmas we will use in proving theorems.
n has the form f x f 0 |x| P x where P x is a solid spherical harmonic polynomial of degree m. Then the Fourier transform of f has the form F f x F 0 |x| P x , where Denote
Then there exists a constant
2.7
So it suffices to show
Decompose this integral into two parts
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For I 2 , by using Lemma 2.2 and Φ t tΦ t , we can get
2.8
For the other part I 1 , applying Stirling's formula, we have
2.9
Also in 13 , the authors proved the following inequality
So by 2.9 and 2.10 , 0 ≤ α < α 1 ≤ m, and noting that Φ t ≤ Wt, we have 
2.11
So far we can deduce the desired conclusion of Lemma 2.3. 
with q > max{1, 2 n − 1 / n 2α }. By Fourier transform and 2.16 , we get
2.17
For μ 
2.19
So we have
2.20
Put P m,j x Y m,j x |x| m and ϕ Φ,m,j t,α x P m,j x · |x| −n−m 1 χ |x|≤Φ t x Φ −1 |x| t −1−α , we can deduce from Lemma 2.1 that
dβ.
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Hence, we have
2.23
By 14 , we know that
2.24
Set λ n/2 − 1, ρ 2π|ξ|Φ β and note that Φ t tΦ t , we can deduce that
2.25
Noting that Φ t is increasing, by using the second mean-value theorem, we get, for some 0 ≤ η < 2π|ξ|Φ t ,
2.26
Proof of Theorem 1.3. Similar to the argument of Lemma 3.3 in 17 and using above atomic decomposition, it suffices to show that
with the constant C independent of any p, 2, α atom a. Assume supp a ⊂ B 0, R . We first note that
3.3
For U 1 , using Theorem 1.2, it is not difficult to deduce that
3.4
For U 2 , we first consider the case n/ n α < p < 1, according to 15, Lemma 5.5 , for 0 < α < n/2 and p, 2, α atom a with support B B 0, R , one has B |a x |dx ≤ CR n− n/p α .
3.5
Using Minkowski inequality and Hölder inequality for integrals, and 3.5 , we can get 
3.7
By 3.7 , we can get 
3.8
Thus by 3.5 and the condition p > n/ n α ,
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As for p 1, similar to the argument of n/ n α < p < 1, we can easily get U 2 ≤ C. So far the proof of Theorem 1.3 has been finished.
